Abstract. This paper is a review containing new original results on the finite order variational sequence and its different representations with emphasis on applications in the theory of variational symmetries and conservation laws in physics.
Introduction
AfterÉlie Cartan, who in 1922 introduced differential geometric methods into the calculus of variations using the celebrated Cartan form to formulate the variational principle [10] , Théophile Lepage in his pioneer work [73, 74] initiated the study of the calculus of variations for field theories (multiple integrals) as a theory of differential forms and their exterior differential modulo contact forms (congruences). The main advantage of such an approach evidently is a possibility of framing the calculus of variations within the de Rham sequence of differential forms on a manifold and thus using the de Rham cohomology as an effective tool to study relations between the image and kernel of various differential operators appearing in the calculus of variations.
The attempt to understand global structures of the calculus variations motivated the use of Cspectral sequences, and gave rise to the constructions of variational sequences and bicomplexes. This direction was initiated in 1950's by Dedecker [14, 15, 16, 17, 18] , and continued in the work of Horndeski [41] , Gelfand and Dikii [31] , Olver and Shakiban [79] , Dedecker and Tulczyjew [19] , Tulczyjew [96, 97, 98] , Takens [93] , Anderson [2] , Anderson and Duchamp [3] , Dickey [20] , Vinogradov [99, 100, 101] , and others. A main motivation for this research was
• to find solution of the inverse problem of the calculus of variations which means to find local and global constraints for a system of ordinary or partial differential equations to come from a variational principle as Euler-Lagrange equations, and to construct a Lagrangian,
• to determine the local and global structure of variationally trivial Lagrangians, i.e., Lagrangians giving rise to identically zero Euler-Lagrange expressions (the kernel of the EulerLagrange operator),
• to understand the form and origin of different "canonically looking" expressions appearing in the calculus of variations, as for example • to understand local and global phenomena typical for variational problems given by local data, as, for instance examples of global Euler-Lagrange forms which do not admit a global Lagrangian; the best known examples are the Galilean relativistic mechanics, or Chern-Simons field theories (where a global Lagrangian exists but is not gaugeinvariant).
The theory was first formulated on infinite order jets. After several attempts to obtain an alternative construction using finite order structures (see, e.g., [3] ), the finite order variational sequence was discovered by Krupka 25 years ago [49] . The inspiration originated from the Lepage's idea of a 'congruence', indicating that there should be a close relationship between the Euler-Lagrange operator and the exterior derivative of differential forms, and resulted in the concept of a finite order (cohomological) exact sequence of forms, in which the Euler-Lagrange mapping is included as one arrow.
Compared with the other approaches, the concept of Krupka's variational sequence is conceptually very simple due to the following reasons:
• it uses only finite order jets,
• it appears as a quotient sequence of the de Rham sequence.
This makes it quite easily accessible to potential users, since factorization is a natural, straightforward, commonly understood, and well-mastered technique. Moreover, the factorization procedure can be incorporated into intrinsic operators which allow to avoid tedious and technically difficult calculations.
It should be stressed, however, that here is an additional benefit of the setting on finite order jets: Namely, it provides precise results on the order of the local and global objects of interest.
The aim of this paper is to provide the reader a comprehensive source of the current theory of the finite order variational sequences as it stands 25 years after its beginnings. While for the variational bicomplex theory there is a standard reference the (unpublished) book by Anderson [2] , the results on the finite order variational sequence up to now have not been collected, revised and completed in a self-contained article. However, our aim is not merely to provide a revised exposition of known results. Apart from putting known results into a unified treatment, we add a number of original results in order to develop the theory and make it complete. Our aim is also to stimulate the use and applications of the variational sequence in physics. As a motivation we mention a few applications, some of which are interesting and not widely known or even are original here.
The paper is organized as follows: Section 2 introduces the variational sequence as a quotient sequence of the de Rham sequence, developed by Krupka [49, 51, 52, 53] (see also [36, 37, 54, 55] ). Section 3 is the core of the paper, and deals with the problem of representation of the variational sequence by differential forms. In the variational sequence, the objects are classes of local differential forms. However (as pointed out already by Krupka) the classes can be represented by (global) differential forms: Lagrangians or Lepage n-forms (where n is the number of independent variables in the variational problem), Euler-Lagrange forms, Helmholtz forms. This property initiated the search of representation operators and representations with help of differential forms. We present two different representation sequences: the Takens representation sequence based on the so-called interior Euler operator [2] which assigns to every class in the q-th column of the variational sequence a source form of degree q (a Lagrangian if q = n, a dynamical form if q = n + 1, a Helmholtz-like form if q = n + 2), and the Lepage representation sequence. The latter is a sequence of Lepage forms (Lepage equivalents of source forms), such that the morphisms are just the exterior derivatives. The existence of such a sequence clarifies the relationship of the variational morphisms to the exterior derivative operator. Moreover, it transfers the questions on the structure of the kernel and image of all the variational morphisms just to application of the Poincaré lemma. A complete representation of the variational sequence by source forms (of any degree) was given by Musilová and Krbek [43, 44, 45] and independently by Krupka and his collaborators [61, 63, 103] . Next, in Section 3 we recall the concept of Lepage form ( [46, 61, 64, 72] and introduce the Lepage representation of the variational sequence. As a new result concerning Lepage n-forms, we present an intrinsic formula for the Cartan form (Theorem 3.8, formula (3.6)). Remarkably, our formula explicitly shows that (and explains why) the higher-order Cartan form generically is not global (this fact was a surprise when discovered and demonstrated by a counterexample in 1980's [40] , and up to now has not been well understood). In the subsection on Lepage forms of higher degrees (and any order) we present for the first time properties of general Lepage forms, and namely we give a general intrinsic formula for a Lepage (n + k)-form of any order. We also find a higher degree generalization of the famous Cartan form. The techniques based on the use of the interior Euler operator and the residual operator not only lead to elegant formulas and easy proofs; they also enable to avoid lengthy, tedious, and sometimes even impossible calculations in coordinates. The results then help us to find a complete correct Lepage representation of the variational sequence. The last remark in Section 3 concerns the variational order of objects in the variational sequence. We explain how due to the finite order setting it is possible to make (local and global) conclusions on a precise order of Lagrangians and other objects in the variational sequence, distinguishing it from alternative constructions on infinite order jets.
In Section 4 we are concerned with the Lie derivative in the variational sequence. We explore the important property that the Lie derivative of differential forms with respect to prolongations of projectable vector fields preserves the contact structure. This suggests that a Lie derivative of classes of forms, a variational Lie derivative, can be correctly defined as the equivalence class of the standard Lie derivative of forms and represented by forms. New results in this section are then contained in subsequent theorems generalizing the first variation formula to forms of any degree.
The last section of the paper is devoted to selected applications of the variational sequence theory. We recall the fundamental well-known applications to the inverse variational problem and to variationally trivial Lagrangians. Apart from that we emphasize some other possible applications which have not yet been fully explored -like, for instance, properties of Helmholtz forms. We include also examples of variational problems defined by local data, and on symmetries and conservation laws, emphasizing cohomological questions and local and global phenomena.
For a reader interested in a wider context of the theory of variational sequences, we refer to the survey works [54, 102] , and to the book [55] .
2 The variational sequence
Jet bundles and contact forms
Fibred manifolds and their jet prolongations represent a convenient mathematical framework for mechanics and field theories, suitable for investigation of Lagrangian systems of different orders, and one or many independent variables within a sufficiently general and unified geometric framework. For an excellent exposition of the jet bundle geometry we refer to the book [91] .
In what follows, we shall consider a smooth fibred manifold π : Y → X, with dim X = n and dim Y = n + m, and its r-jet prolongations π r : J r Y → X, where r ≥ 1. For n = 1 the manifold Y is a space of events for mechanical systems of m degrees of freedom, and local sections of π are graphs of curves, so usually X = R (meaning time, or just a parameter for the curves). If n > 1 then X has the meaning of a physical space or spacetime, and local sections of π are physical fields over the manifold X. Then J r Y is a manifold of points j r x γ, the equivalence classes of local sections γ of π with the same value at x and the same partial derivatives at x up to the order r. Thus J r Y serves as a domain for functions, differential forms, vector fields, and other objects depending on higher derivatives (up to the r-th order).
Due to the affine bundle structure of π r+1,r :
which induces natural splittings into horizontal and vertical parts of projectable vector fields, forms, and of the exterior differential on J r Y .
A differential q-form ω on J r Y is called contact if J r γ * ω = 0 for every local section γ of π. Contact forms on J r Y form an ideal in the exterior algebra, called the contact ideal of order r. The contact ideal is generated by contact 1-forms and their exterior derivatives [50] . A differential q-form ω on J r Y is called horizontal, or 0-contact, if ξ ω = 0 for every vector field ξ on J r Y , vertical with respect to the projection onto X.
From the definitions it follows that every q-form for q > n is contact, and that every form ω on J r Y , if lifted to J r+1 Y , is a sum of a unique horizontal and contact form. This splitting can be further refined if the concept of a k-contact form for k ≥ 1 is introduced. A contact form ω is called k-contact if for every vertical ξ the contraction ξ ω is (k − 1)-contact. Then, as proved in [48] , every q-form ω on J r Y , q ≥ 1, admits the unique decomposition
into a sum of k-contact forms, 0 ≤ k ≤ q. For the horizontal (0-contact) operator often the notation h = p 0 is used. The form p k ω is called the k-contact component of ω. Note that if q ≥ n + 1 then ω is contact, and it is at least (q − n)-contact, i.e., the contact components p 0 , p 1 , . . . , p q−n−1 of ω are equal to zero. If, moreover, p q−n ω = 0, we speak about a strongly contact form [49] . An important special case of the decomposition (2.1) concerns closed forms and their local primitives, obtained due to the Poincaré lemma, by means of the Poincaré homotopy operator P. Since every form ω can be locally expressed as ω = Pdω + dPω, equation ω = dρ has a local solution ρ = Pω. Applying, however, the decomposition into contact components we can see that there arises a modified homotopy operator, denoted by A, and called the contact homotopy operator [48] , which is adapted to the decomposition (2.1) and defined by Ap 0 ω = 0,
Ap k+1 ω, hence p k ρ = Ap k+1 ω. Compared to P, the operator A concerns vertical curves (curves in the fibres over X) only.
Notice that the decomposition (2.1) applied to ω = dρ induces a splitting of the exterior derivative d to π * r+1,r d = d H + d V where the horizontal derivative d H = hd, and the vertical derivative d V is the contact part of π * r+1,r d. The splitting of vector fields then arises with help of the total derivative operator. If we denote (x i , y σ ) local fibred coordinates on Y , and (x i , y σ J ) where J is a multiindex, 0 ≤ |J| ≤ r, the associated coordinates on J r Y , then the i-th total (formal) derivative takes the form
Considered as a vector field along the projection π r+1,r , the total derivative induces a splitting of vector fields to a horizontal and vertical part as follows: Letting
be a vector field on J r Y , in order to obtain the splitting ξ = ξ H + ξ V , we put
Note that both ξ H and ξ V are vector fields along the projection π r+1,r rather than 'ordinary' vector fields on J r Y . If Ξ is a projectable vector field on Y , we write J r Ξ V = (J r Ξ) V (this can be viewed as a definition of prolongation of Ξ V which is a vector field along the projection π 1,0 ). Recall that C(π r ), the contact distribution or Cartan distribution of order r, is locally annihilated by contact 1-forms
or, equivalently, locally generated by the vector fields d i along π r,r−1 and ∂/∂y σ J where |J| = r. The Cartan distribution on J r Y is not completely integrable, hence the ideal generated by contact 1-forms of order r is not closed. Its closure is then the contact ideal of order r (the ideal of all contact forms on J r Y ).
In what follows, we shall need on J r Y the ideal generated by lifts of contact 1-forms of order 1, whose elements take the form π * r,1 ω ∧ η where ω ∈ C 0 (π 1 ) (the annihilator of C(π 1 )) and η is of order r. Since locally they are expressed as ω σ ∧ η σ , where ω σ = dy σ − y σ j dx j , 1 ≤ σ ≤ m, are the basic local contact 1-forms of order 1, we say that forms belonging to this ideal are ω σ -generated.
In the calculus of variations and the theory of differential equations on fibred manifolds, the fundamental role is played by the sheaf Λ r n,X of horizontal (0-contact) n-forms on J r Y , the elements of which are called Lagrangians of order r, and the sheaf Λ r n+1,1,Y of 1-contact (n + 1)-forms on J r Y , horizontal with respect to the projection onto Y , the elements of which are called dynamical forms of order r. By means of variation of the action defined by a Lagrangian λ one obtains a distinguished dynamical form E λ , called the Euler-Lagrange form of λ [46] ; the components of E λ in every fibred chart are the Euler-Lagrange expressions of the Lagrangian λ. Remarkably, if λ is of order r then E λ is of order ≤ 2r.
The mapping assigning to every Lagrangian its Euler-Lagrange form is called the EulerLagrange mapping.
A dynamical form E is called globally variational if there exists a Lagrangian λ such that (possibly up to a jet projection) E = E λ . E is called locally variational if every point in the domain of E has a neighbourhood U where E is variational [48] .
Dynamical forms are often called source forms, as originally introduced by Takens [93] . However, we shall follow Krupková and Prince [70] who extended the concept of source form to forms of all degrees q = n + k where k ≥ 1: Definition 2.1. Let k ≥ 1. By a source form of degree n + k we shall mean a ω σ -generated k-contact (n + k)-form.
For k = 1, dynamical forms are ω σ -generated 1-contact (n + 1)-forms, hence, indeed, source forms of degree n + 1. Source forms of degree n + 2 are called Helmholtz-like forms [69] . For the calculus of variations the most important examples of source forms of degree n + 1 are Euler-Lagrange forms, and of source forms of degree n + 2 the Helmholtz forms.
The variational sequence
Now we recall the finite order variational sequence as introduced by Krupka in [49] . The concept uses the sheaf theory (standard references are, e.g., [8, 104] ). However, for a first understanding, a concrete use of the variational sequence, and calculations it is not necessary to be familiar with all the rather difficult mathematical theory. In place of a 'sheaf' of forms in this context one can roughly imagine a family of modules of local differential forms defined on the open subsets of the corresponding manifold.
In what follows, we denote by R Y the constant sheaf over R, and by Λ r q the sheaf of q-forms on J r Y . We let Λ r 0,c = {0}, and Λ r q,c be the sheaf of contact q-forms, if q ≤ n, or the sheaf of strongly contact q-forms, if q > n, on J r Y . We set where dΛ r q−1,c is the image of Λ r q−1,c by the exterior derivative d, and (dΛ r q−1,c ) denotes the sheaf generated by the presheaf dΛ r q−1,c . We note that Θ r q = 0 for q > corank C(π r ). The subsequence
is an exact sequence of soft sheaves. The quotient sequence
is called the variational sequence of order r. The main theorem due to Krupka [49] then states that the variational sequence is an acyclic resolution of the constant sheaf R Y (meaning that the sequence is locally exact with the exception of R Y ). Hence, due to the abstract de Rham theorem, the cohomology groups of the cochain complex of global sections of the variational sequence are identified with the de Rham cohomology groups H q dR Y of the manifold Y . It should be stressed that objects in the variational sequence are elements of the quotient sheaves Λ r q /Θ r q , i.e., they are equivalence classes of local r-th order differential q-forms. We denote by [ρ] ∈ Λ r q /Θ r q the class of ρ ∈ Λ r q . Morphisms in the variational sequence are then by construction quotients of the exterior derivative d. We denote [49, 54] ). The sheaf Λ r n /Θ r n is isomorphic with a subsheaf of the sheaf of Lagrangians Λ r+1 n,X , the sheaf Λ r n+1 /Θ r n+1 is isomorphic with a subsheaf of the sheaf of source forms Λ 2r+1 n+1,1,Y , and the quotient mapping E n : Λ r n /Θ r n → Λ r n+1 /Θ r n+1 is the Euler-Lagrange mapping.
By this theorem, the elements of the quotient sheaf Λ r n /Θ r n have the meaning of Lagrangians. The kernel of E n then consists of null-Lagrangians (variationally trivial Lagrangians), and its image, which, by exactness is the kernel of the next morphism,
represents variational equations. Therefore E n+1 is called Helmholtz mapping. The name refers to the famous "Helmholtz conditions" [39] , necessary and sufficient conditions for differential equations to be variational (as they stand). Remarkably, the Helmholtz morphism, discovered within the variational sequence theory, has not been known in the classical calculus of variations.
The above theorem also suggests the idea that all classes in the variational sequence could be representable by differential forms with a clear place in the calculus of variations. So far there have been noticed two such representation sequences: the "source form representation" which we call Takens representation, and the "Lepage form representation". In the former the sheaves contain familiar differential forms which appear in the calculus of variations, like Lagrangians and Euler-Lagrange forms, and their generalizations, like, for example, Helmholtz forms. The morphisms are then the corresponding variational mappings, like, e.g., the Euler-Lagrange mapping sending Lagrangians to Euler-Lagrange forms, or the Helmholtz mapping, sending dynamical forms to Helmholtz forms. The latter representation has as objects Lepage forms, which are extensions of the "familiar forms" mentioned above by higher contact components in such a way that the morphisms are the exterior derivatives, so that in the Lepage form representation the variational sequence "morally" (up to the orders of individual subsheaves) becomes a subsequence of the de Rham sequence. We shall deal with the representation sequences below.
In what follows, we shall denote
and the variational sequence of order r will be shortly written in the form
3 Representation sequences
The interior Euler operator
Let us introduce an operator which plays an essential role in the representation theory for the variational sequence. It was introduced to the calculus of variations within the variational bicomplex theory in [2, 4] , and adapted to the finite order situation of the variational sequence in [43, 44, 45, 61] . This operator, called interior Euler operator, and denoted by I, reflects in an intrinsic way the procedure of getting a distinguished representative of a class [ρ] ∈ Λ r q /Θ r q for q > n by applying to ρ the operator p q−n and a factorization by Θ r q . Let (x i , y σ ) denote local fibred coordinates on Y , and (x i , y σ J ) the associated coordinates on J r Y , where J is a multiindex, 0 ≤ |J| ≤ r, J = (j 1 , . . . , j p ) with 1 ≤ j 1 ≤ j 2 ≤ · · · ≤ j p ≤ n and p ≤ r.
Let k ≥ 1 and q = n + k. Recall that if ρ ∈ Λ r n+k , we have
Following [45] we set
where
It can be shown by means of the partition of unity arguments that this formula defines a global form I(ρ).
n+k has the following properties: (1) for every ρ ∈ Λ r n+k , I(ρ) is a source form of degree n + k, n+k , (4) I 2 = I, up to a canonical projection; precisely, I 2 (ρ) = π * 4r+3,2r+1 I(ρ), (5) Ker I = Θ r n+k . By construction, I(ρ) is a k-contact form, so there is a question about the difference between I(ρ) and p k ρ. It turns out that the difference can be expressed intrinsically by means of an operator R which we shall call residual operator, as follows
(up to appropriate canonical projections). By the properties (2) and (4) of I we can see that
is by definition a local strongly contact (n + k − 1)-form. Note that, contrary to I(ρ), the form R(ρ) need not be unique and need not be global. Moreover, I(ρ) is a source form, so there is a question about its relationship with other source forms in the same class [ρ] . To clarify this it is useful to introduce the concept of a canonical source form as a source form ρ such that (up to projection) ρ = I(ρ) [70] . Proposition 3.1. Every source form is equivalent with a canonical source form (of possibly higher order). More precisely, letting ρ = ω σ ∧ η σ be a source (n + k)-form it holds (up to projection)
and
As a consequence, for k ≥ 2,
Proof . The first assertion is just the property (3) of I. Next two formulas easily follow from the definitions of I and R and the fact that ρ is the source form, i.e., π * r+1,r ρ = p k ρ. Indeed, for ρ = ω σ ∧ η σ we have
This formula then yields
as desired. Finally, applying I to the first formula we get (k − 1)I(ρ) = (k − 1)I(ω σ ∧ I(η σ )), which provides the last formula for k ≥ 2.
For dynamical forms Proposition 3.1 gives the following important uniqueness result [70] . Note that this can be seen also directly from the definition of I: Indeed, if k = 1 and ρ is a ω σ -generated 1-contact (n+1)-form then in (3.1) the contractions give horizontal n-forms with the same components as those of ρ, and the summation over |J| reduces to one term, |J| = 0.
For the description of the image of I we refer also to [63] .
Example 3.3. We shall show the computations of I(ρ) and R(ρ) for a second-order 1-contact 2-form ρ in mechanics (n = 1, k = 1, r = 2). Consider local fibred coordinates (t, q σ ) on Y and the corresponding associated coordinates (t, q σ , q σ j ), 1 ≤ j ≤ r, 1 ≤ σ ≤ m, on J r Y , and denote d t the total derivative operator and ω σ j = dq σ j − q σ j+1 dt the local basic contact 1-forms, and put ω σ = ω σ 0 . The calculation of the image of ρ by the interior Euler operator is direct, using (3.1). We have
The residual term is then
Comparing this with the formula above yields
, and that the equation
We can easily verify that π * 5,3 p 1 ρ = I(ρ) + p 1 dp 1 R(ρ).
Takens representation of the variational sequence
Once we have the interior Euler operator, we can obtain a sequence of sheaves of differential forms (rather than of classes of differential forms), such that both the objects and the morphisms have a straightforward interpretation in the calculus of variations. Such a representation of the variational sequence, introduced by Krbek and Musilová (see [43, 44, 45] ) basically concerns source forms (of all degrees), therefore we call it in honour of Takens the Takens representation.
The motivation for the representation comes from the following observations: • If q ≤ n then for every q-form ρ of order r, the contact decomposition (2.1) takes the form
and Θ r q = Λ r q,c + (dΛ r q−1,c ), where we have sheaves of contact forms. This means that given a class [ρ] ∈ V r q = Λ r q /Θ r q , one has ρ 1 ∼ ρ 2 iff ρ 1 − ρ 2 = ϑ + dη where ϑ is a contact q-form and η is a contact (q − 1)-form, i.e.,
Hence, every class [ρ] is completely determined by a unique horizontal form, and, in particular, if q = n, by a Lagrangian.
Summarizing, for q ≤ n the operator of horizontalization,
induces a representation mapping,
• If q = n + k for k > 1 then for every q-form ρ of order r, the contact decomposition (2.1) takes the form
and Θ r q = Λ r q,c + (dΛ r q−1,c ), where we have sheaves of strongly contact forms (with the only exception of Λ r n,c which is a sheaf of contact forms). This means that given a class [ρ] ∈ V r n+k = Λ r n+k /Θ r n+k , one has ρ 1 ∼ ρ 2 iff ρ 1 − ρ 2 = ϑ + dη where ϑ is a strongly contact (n + k)-form (i.e., such that p k ϑ = 0) and η is a strongly contact (
n+k , so that
Hence, every class [ρ] ∈ V r n+k is completely determined by a unique canonical source form. If we denote by IΛ r n+k the image of Λ r n+k by I, we can see that the interior Euler operator
For k = 1 there is no other source form representing a class [ρ] ∈ V r n+1 , so that every class is completely determined by a unique dynamical form.
is the Euler-Lagrange form of the Lagrangian hµ. Note that this argument proves the uniqueness of the Euler-Lagrange form. At the same time Proposition 3.1 shows us that for k ≥ 2 the representing canonical source form is no longer a unique source form in the class [ρ] . An explicit important example of nonuniquness for k = 2 is realized by Helmholtz forms, and will be discussed below in Section 5.1.
• If q = 0 we define R 0 be the identity mapping. Now, by means of the representation mappings R q we construct to the variational sequence
, and called the Takens representation of 0 → R Y → V r * . We also denote by
the morphisms in the representation sequence. Hence, the definition of the E q 's follows from the commutativity of the diagrams
and we can immediately see that the following theorem holds true:
Indeed, by definition of E q and E q ,
and for every η ∈ R q (V r q ) we have
The representation sequence can be easily understood, and explicit formulas for the morphisms E q and the forms E q (η) ∈ R q+1 (V r q+1 ) can be easily obtained, if we write the diagram (3.4) in the explicit form
where R q , 1 ≤ q ≤ n, has the meaning of horizontalization h on classes of order r, and R n+k is the operator I acting on p k ρ where ρ is of order r. Then since elements of the sheaves R q (V r q ) are functions for q = 0, horizontal forms for 1 ≤ q ≤ n, and canonical source forms for q ≥ n + 1, we have
In particular, for q = n we can write in coordinates hρ = Lω 0 , where ω 0 = dx 1 ∧ · · · ∧ dx n , and then
) is the Euler-Lagrange mapping, assigning to every Lagrangian λ = hρ its Euler-Lagrange form E λ = I(dλ). The next morphism,
) is the Helmholtz mapping, assigning to every dynamical form ε its canonical Helmholtz form H ε = I(dε). Note that the preceding morphism to the Euler-Lagrange morphism, E n−1 : R n−1 (V r n−1 ) → R n (V r n ), assigns to every horizontal (n−1)-form ϕ (resp., if dim X = n = 1, to a function f ) a Lagrangian λ = hdϕ (resp. λ = hdf ). This is so-called null-Lagrangian (also called variationally trivial Lagrangian), due to the fact that its Euler-Lagrange form is by exactness of the sequence equal to zero.
More generally, for q ≥ 1, elements of R q (V r q ) belonging to the kernel of the variational morphism E q are called variationally trivial.
We say that two elements η 1 , η 2 of R q (V r q ) are (variationally) equivalent if their difference is variationally trivial, i.e., η 2 − η 1 ∈ Ker E q . Thus, two Lagrangians are equivalent iff they differ by a null Lagrangian, hdρ, two dynamical forms are equivalent iff they differ by a locally variational form, and two Helmholtz-like forms are equivalent iff they differ by a Helmholtz form. Generally, two canonical source forms are equivalent iff they differ by I(d(Iρ)). Example 3.5. As an illustration of the use of the Takens representation of the variational sequence let us compute the Euler-Lagrange operator with help of the operator I. Indeed, given a Lagrangian λ, the Euler-Lagrange form of λ arises either as the image of λ by the morphism E n , or, by application of I to the exterior derivative of λ (remind the formula E n (λ) = I(dλ) coming from the commutativity relation E n • I = I • d).
Consider the Lagrangian of a free quantum particle moving in one dimension. The quantum mechanical state of such a system is, in the coordinate representation, described by a wave function φ(t, x) : R × R → C, and the Lagrangian is
Denoting v(t, x) = Re φ(t, x) and w(t, x) = Im φ(t, x) we obtain
which is a first-order Lagrangian for the fibred manifold π :
where π is the canonical projection, with fibred coordinates (x 1 , x 2 , y 1 , y 2 , y 1 1 , y 1 2 , y 2 1 , y 2 2 ) = (t, x, v, w, v t , v x , w t , w x ). In this notation, the generating contact 1-forms on J 2 (R 2 × R 2 ) read as follows:
Calculating I(dλ) using formula (3.1) we obtain
The dynamical 3-form I(dλ) is the Euler-Lagrange form of (3.5) . This means that
are the Euler-Lagrange expressions of the Lagrangian (3.5), and equations ε 1 • J 2 γ = 0, ε 2 • J 2 γ = 0 are the Euler-Lagrange equations for extremals γ of (3.5). Denoting ε = ε 1 + iε 2 we obtain the Euler-Lagrange equation
which, indeed, is the Schrödinger equation.
Lepage n-forms and the f irst variation formula
Lepage n-forms were introduced by Krupka in 1973 [46] (see also [48] ) in order to establish foundations of the higher-order calculus of variations in jet bundles. They are fundamental for a geometric formulation of the intrinsic first variation formula, and of coordinate free, global Lagrangian and Hamiltonian mechanics and field theory. Combined with the concepts of invariant variational functionals they provide geometric formulations of Noether theorems, as well as geometric integration methods based on symmetries.
Here we remind only some basic properties of Lepage n-forms, explored in the variational sequence theory. For more details and applications we refer the reader to the survey papers [54, 59, 60, 67, 76] , and the book [55] .
As above, π : Y → X is a fibred manifold, n = dim X, and m = dim Y − n.
Since ρ is an n-form on J r Y its horizontal component hρ is a Lagrangian on J r+1 Y . Notice that
• every n-form on Y is a Lepage n-form. The corresponding Lagrangian is then defined on J 1 Y , and it is a polynomial of degree n in the first derivatives 1 ,
• every closed n-form on J r Y is a Lepage n-form. The corresponding Lagrangian is a nullLagrangian (giving rise to the zero Euler-Lagrange form).
The structure of Lepage n-forms is characterized as follows:
Theorem 3.7 (Krupka [46] ). The following conditions are equivalent:
(1) ρ is a Lepage n-form of order r,
where E is a dynamical form, and F is at least 2-contact, (4) π * r+1,r ρ = θ hρ +dν +µ = θ hρ +p 1 dν +η, where θ hρ is the Cartan form of the Lagrangian hρ, ν is a contact (n − 1)-form, and µ, resp. η is at least 2-contact.
It should be stressed that for n ≥ 2 and r ≥ 3 the Cartan form is generically not global. However, the above theorem states that it can be "globalized" by adding p 1 dν. Indeed, in the decomposition of π * r+1,r ρ in (4), θ hρ + p 1 dν and η are global (being the at most 1-contact and the at least 2-contact part of ρ, respectively), while, in general, the decomposition θ hρ + p 1 dν is not invariant under changes of fibred coordinates.
The name 'Cartan form' refers toÉ. Cartan, who introduced the form to the classical calculus of variations [10] . Concerning different aspects of generalization to many independent variables we refer, e.g., to [6, 9, 12, 18, 29, 33, 34, 46, 47, 78, 90] . Higher-order Cartan forms have been introduced and studied by many authors; see, e.g., [12, 13, 21, 22, 30, 40, 48 ] to name just a few.
Accounting the definition and properties of the operators I and R we are able to find an intrinsic formula for the Cartan form:
Theorem 3.8. Let r ≥ 0, and ρ ∈ Λ r n . Then the Cartan form of the Lagrangian λ = hρ takes the form
Notice that, indeed, θ hρ is a Lepage n-form, equivalent with ρ (and hρ), since by formulas (3.2) and (3.3) p 1 dθ hρ = I(dθ hρ ) + p 1 dp 1 R(dθ hρ ) = I(dθ hρ ) + p 1 dp 1 R(dhρ) − p 1 dp 1 R(dp 1 R(dhρ)) = I(dθ hρ ) + p 1 dp 1 R(dhρ) − p 1 dp 1 R(dhρ) + I(dp 1 R(dhρ)) = I(dθ hρ ), and, writing π * r+1,r ρ = hρ + β we can see that (for a proper s)
The meaning of Lepage n-forms for the calculus of variations comes from the fact that if ρ is a Lepage n-form then the dynamical form p 1 dρ = E hρ is the Euler-Lagrange form of the Lagrangian hρ. Indeed, the components of p 1 dρ are the Euler-Lagrange expressions of the Lagrangian λ = hρ.
We stress that even though θ hρ need not be global, the local forms do give rise to the global form p 1 dθ hρ . Indeed, formula (3.6) yields
which, indeed, is a global form. (Note that we recovered the formula for the Euler-Lagrange form of λ in Takens representation of the variational sequence.) Moreover, since for every Lepage form ρ, π * r+1,r p 1 dρ = p 1 dθ hρ , we get another proof of uniqueness of the Euler-Lagrange form. As the horizontal parts of Lepage n-forms are Lagrangians, we can view a Lepage n-form as an extension of a Lagrangian by a contact form, and we come to the concept of Lepage equivalent of a Lagrangian [46] . Given a Lagrangian λ, a Lepage equivalent of λ is a Lepage form ρ such that λ = hρ.
Remarkably, if λ is of order r, then its Lepage equivalents are generically of order 2r − 1, and the Euler-Lagrange form is of order 2r.
Local existence of Lepage equivalents of λ and their structure follows immediately from the above theorem. Moreover, it is well known that every Lagrangian admits a global Lepage equivalent. For n = 1 and any r, or for any n and r ≤ 2 a global Lepage equivalent of λ is the Cartan form. If n = 1 (mechanics and higher-order mechanics) the Cartan form θ λ is the unique Lepage equivalent of λ. For n > 1, Lepage equivalent of λ is no longer unique. Remarkably, apart from the (globalized) Cartan form, there are also other distinguished global Lepage equivalents of λ, as, e.g., the celebrated Carathéodory form ( [9, 78] for r = 1, and [92] for r = 2), which is invariant with respect to all (not only fibred) coordinate transformations, and the Krupka-Betounes form (for r = 1) [6, 47] , which has the property that dρ = 0 if and only if E hρ = 0 (i.e., the Lagrangian belongs to Ker E n ).
Example 3.9. Let us illustrate the use of the Lepage representation of the variational sequence on an example. Consider the quantum particle Lagrangian (3.5) in Example 3.5 (including notations). Its Cartan form reads
As we have seen, being a Lepage equivalent of the Lagrangian (3.5), the form θ λ quickly gives us the Euler-Lagrange form E λ , and hence the Euler-Lagrange equations:
We can see that, indeed, E λ equals to I(dλ) obtained in Example 3.5; this follows from the commutativity relation
We note that the form θ λ (or any other Lepage equivalent of the Lagrangian) also gives local Noetherian conserved currents related with symmetries of the Lagrangian and the EulerLagrange form (see the discussion below).
With help of a Lepage equivalent of a Lagrangian the non-intrinsic procedure of integration by parts in the first variation of the action function is substituted by a geometric splitting with help of the Cartan formula for decomposition of the Lie derivative. As a consequence, the integral first variation formula appears also in the following intrinsic differential form [46] (for more details see, e.g., [54] ). Given a Lagrangian λ of order r, and a π-projectable vector field Ξ on Y (a "variation"), it holds
where L J r Ξ denotes the Lie derivative along the r-jet prolongation of Ξ, and ρ is (any) Lepage equivalent of λ. Let us show that the first term in the sum of (3.7) is the Euler-Lagrange term (carrying information about extremals), and the second term is the Noether term, carrying information about conservations laws. We have λ = hρ, and the Euler-Lagrange form is defined by E λ = p 1 d . For the first differential form on the right-hand side of (3.7) we obtain
where µ is at least 2-contact, hence J 2r Ξ µ is contact and h(J 2r Ξ µ) = 0. Denote E λ = E σ ω σ ∧ω 0 (i.e., E σ are the Euler-Lagrange expressions of λ), ω i = ∂ ∂x i ω 0 , and Ξ = ξ i ∂ ∂x i +Ξ σ ∂ ∂y σ . Then
showing that, indeed, h(J 2r−1 Ξ dρ) provides Euler-Lagrange equations.
Let us turn to the second differential form in the sum of (3.7). Assume that Ξ is a Noether symmetry of the Lagrangian λ, meaning that L J r Ξ λ = 0. Then in the infinitesimal first variation formula (3.7) the left-hand side vanishes, and along every extremal γ of the Lagrangian λ the n-form h(J 2r−1 Ξ dρ) vanishes, because the Euler-Lagrange equations E σ •J 2r γ = 0, 1 ≤ σ ≤ m, hold true. Consequently, the n-form hd(J 2r−1 Ξ ρ) vanishes along extremals, which is the celebrated Noether theorem. The (n − 1)-form
is then the corresponding Noether current.
In the simplest case of first-order mechanics when ρ = θ λ = Ldt + ∂L ∂q σ ω σ , we recover the well-known formulas
If Ξ is a Noether symmetry of λ, then the function Φ(Ξ) is constant along extremals. We shall return to the variational splitting of the Lie derivative in a more general context in Section 4.
Lepage forms of higher degrees, and the Lepage representation of the variational sequence
A motivation for introducing Lepage forms of higher degrees is the following observation: If dim X = 1 then every Lagrangian λ has a unique Lepage equivalent, the Cartan form θ λ . The mapping Lep 1 : Λ r
thus relates the Euler-Lagrange mapping to the exterior derivative through the relationship E λ = p 1 dθ λ . This suggests the idea to extend Lep 1 to dynamical forms, i.e., to Lep 2 : Λ s
2 , so that we would have
The concept of a Lepage equivalent of a dynamical form was introduced in [64] for locally variational forms. In that situation one obtains an extension of the Euler-Lagrange form to a closed form which (similarly as in the case of a Lepage equivalent of a Lagrangian) is unique for n = 1 and nonunique otherwise (see [37, 38, 64, 66, 72] ). Lepage equivalents of Euler-Lagrange forms became important particularly in study of the inverse variational problem, Hamiltonian theory, and geometric integration based on symmetries of the equations [34, 55, 65, 66, 68, 71] .
Having the variational sequence and its Takens representation allows to define the concept of Lepage equivalent for any source form, and, in this way, to link all the variational operators to the exterior derivative. Remarkably, with Lepage forms one gets another representation of the variational sequence where variational morphisms simplify to exterior derivatives. The immediate benefit is the reformulation and solution of the problem of existence of Lagrangians for given differential equations "as they stand", the problem of the structure of null Lagrangians, and the other inverse problems in the variational sequence: by using Lepage forms these problems are reduced to application of the Poincaré lemma.
The idea how to generalize the concept of Lepage form to higher degrees is suggested by property (2) (or (3)) in Theorem 3.7, that the lowest contact component of the exterior derivative of a Lepage form ρ is the canonical source form for dρ:
Lepage (n + k)-forms for k > 0 have many similar properties as have Lepage n-forms. First,
• every q-form on Y , q ≥ n, is a Lepage form,
• every closed q-form on J r Y , q ≥ n, is a Lepage form.
Structure of Lepage forms can be derived by direct calculations in coordinates from the definition. However, this procedure is quite lengthy and tedious. Much more advantageously, we again explore the operator R to solve the equation (3.8) with respect to ρ in an intrinsic way. Then we obtain:
ν is an arbitrary at least (k + 1)-contact (n + k − 1)-form, and µ (resp. η) is an arbitrary at least
For every choice of ν and µ (resp. η) the Lepage forms (3.9) belong to the same variational
Proof . First we show that θ p k ρ given by (3.10) is a Lepage form, i.e., satisfies p k+1 dθ p k ρ = I(dθ p k ρ ). Using the same procedure as above for k = 0, we obtain:
= I(dθ p k ρ ) + p k+1 dp k+1 R(dp k ρ) − p k+1 dp k+1 R(dp k+1 R(dp k ρ)) = I(dθ p k ρ ), since p k+1 dp k+1 R(dp k+1 R(dp k ρ)) = p k+1 dp k+1 R(dp k ρ) − I(dp k+1 R(dp k ρ)) = p k+1 dp k+1 R(dp k ρ), in view of I(dp k+1 R(dp k ρ)) = I(p k+1 (dp k+1 R(dp k ρ))) = 0. Hence, θ p k ρ is a solution of (3.8).
Since the equation concerns dρ, it is clear that if ρ is a solution then also ρ + dν is a solution, where ν is an arbitrary (n + k − 1)-form. Moreover, equation (3.8) allows to determine only the lowest, (k + 1)-contact component of dρ. Thus, any solution ρ is determined up to dν + µ, where µ is at least (k + 2)-contact. In this way, so far we have obtained ρ = θ p k ρ + dν + µ, where µ is at least (k + 2)-contact. We observe that p k θ p k ρ = p k ρ, hence p k dν must be equal to zero, meaning that ν is at least (k + 1)-contact. Finally, we have to show that whatever the choice of ν and µ, ρ is equivalent with θ p k ρ . This is, however, easily seen: if we denote by s the order of θ p k ρ , and by β the at least (k + 1)-contact component of ρ, we obtain π * s,r ρ − θ p k ρ = p k ρ + β − θ p k ρ = β + p k+1 R(dp k ρ), which is a strongly contact (n + k)-form, thus belonging to the kernel Θ s n+k .
The (n + k)-form θ p k ρ is the higher-degree generalization of the Cartan form. It is completely determined by its lowest contact (k-contact) component. Similarly as the Cartan form of degree n it is generically not global, since it is defined by means of the operator R. However, quite similarly as in the case of Lepage n-forms, it can be "globalized" by adding a proper term p k+1 dν.
And
dθ p k ρ = I(dp k ρ).
Also in the higher degree situation, there is a distinguished case of n = 1 (and arbitrary r) (mechanics). Then ν is a k-form and µ is a (k + 1)-form, hence they both are zero and we have:
R(dp k ρ), ν is an at least (k + 1)-contact (n + k − 1)-form, and µ, resp. η is at least (k + 2)-contact.
Again, in the decomposition of π * r+1,r ρ in (4), θ p k ρ + p k+1 dν and η are global (being the at most (k+1)-contact and the at least (k+2)-contact part of ρ, respectively), while, in general, the decomposition θ p k ρ + p k+1 dν is not invariant under changes of fibred coordinates. And p k+1 dρ is unique (independent upon a choice of ρ).
Also the concept of Lepage equivalent of a Lagrangian extends to (n + k)-forms. Given a k-contact form σ, by a Lepage equivalent of σ we mean a Lepage form ρ such that p k ρ = σ. Theorem 3.13 then gives the structure of Lepage equivalents, and guarantees local existence.
There remains to answer a question about existence of global Lepage equivalents of higher degrees. The result is affirmative, and its proof is a generalization of a proof for n-forms [48] . The idea is to show that there exists a Lepage equivalent which is a global form on a closed submanifold of J 2r+1 Y . Then, since the (local) form defines a soft sheaf of forms it can be extended to a global form on the whole space.
Let us consider the canonical injection ι r+1,r :
Theorem 3.14. Letφ be a (n+k)-form such that p lφ = 0, l ≥ k +1, e.g.,φ is the p k component defined on
Proof . It is enough to prove uniqueness ofη when restricted to the submanifold ι r+1,r (J 2r+1 Y ). In fact, for ρ a (n + k) form on J r Y , we can takeη = −I(p k ρ) whenφ = p k ρ. The result follows by the uniqueness of I(p k ρ) which implies that it is a globally defined form on a closed subset of J 2r+1 Y (defined by the injection above), therefore since the (local) form defines a soft sheaf of forms on J 2r+1 Y , thenη can be globalized.
The most important Lepage forms of degree > n are Lepage equivalents of canonical source forms. By the above, if σ is a canonical source form of degree n + k, k ≥ 1, and order r, i.e., I(σ) is π 2r+1,r -projectable, and p k σ = σ = I(σ), then all its local Lepage equivalents take the form
ν is an arbitrary at least (k + 1)-contact (n + k − 1)-form, and µ (resp. η) is an arbitrary at least (k + 2)-contact form. Moreover,
In particular, if ε is a dynamical form then p 2 dθ ε is the canonical Helmholtz form H ε = I(dε).
Comparing Lepage forms of different degrees yields the following results:
Proof . Since α is a Lepage form, dα is Lepage, as trivially follows from the definition. Denote
Thus α = θ hρ + dν + µ, and dα is a Lepage equivalent of p 1 dα. However, by (3.12),
The form dα is a Lepage equivalent of p k+1 dα, which by (3.12) is equal to
Theorem 3.16. A closed Lepage equivalent of a canonical source form of degree n + k, k ≥ 1, is locally equal to dα where α is a Lepage equivalent of a canonical source form of degree n + k − 1 if k ≥ 2, resp. of a Lagrangian if k = 1.
Proof . If β is a closed Lepage equivalent of σ = p k β = I(β), then locally β = dα where (with help of the contact homotopy operator), α = Aβ, and p k−1 α = Ap k β = Aσ. If k = 1 then p 0 α = hα is a Lagrangian, and p 1 dα = p 1 β = I(β), so that α = Aβ is a Lepage equivalent of hα = Aσ.
If k ≥ 2, set ε = I(Aσ). ε is a canonical source form of degree n + k − 1 representing the class [Aσ] . Therefore (by the preceding theorem), if α is a Lepage equivalent of I(Aσ) then dα is a Lepage equivalent of I(dε) = I(dAσ) = I(dp k−1 α) = I(dα) = I(β) = σ. Now, both dα and β are Lepage equivalents of σ, hence we have β = dα + dν + µ, where ν is at least (k + 1)-contact and µ is at least (k + 2)-contact, and since dβ = 0, we get dµ = 0, i.e., locally µ = dτ and τ = Aµ. Hence, β = d(α + ν + τ ), and α = Aβ = α + ν + τ is a Lepage form (differing from the Lepage (k − 1)-form α by an at least (k + 1)-contact form), and it is a Lepage equivalent of p k−1 α = p k−1 α = I(Aσ), as required. Moreover, we note that since p k−1 α = Ap k β = Aσ, it holds I(Aσ) = Aσ = A(Iσ). (1) If β is a closed Lepage equivalent of a dynamical form ε then Aβ is a Lepage equivalent of the Lagrangian λ = Aε.
(2) If β is a closed Lepage equivalent of a canonical source form σ then Aβ is a Lepage equivalent of the canonical source form Aσ.
The above properties of Lepage forms suggest a new representation of the variational sequence, based on Lepage equivalents of canonical source forms, as follows: For every k ≥ 0 we have a mapping Lep n+k assigning to every Lagrangian λ ∈ Λ r n,X , if k = 0, and every canonical source form σ ∈ I(Λ r n+k ) if k ≥ 1, the family {ρ} of its Lepage equivalents (3.11). With help of Lepage mappings Theorem 3.15 can be reformulated as follows:
The Lepage maps then induce the following representation mappings:
Note that for q > n the images byR q of classes in V r q are subsheaves of Λ r q . With help of the representation mappingsR q we construct to the variational sequence 0 Proof . Denotẽ
With the representation mappingR q , Theorem 3.15 states that 'ifR q ([ρ]) = {α} thenR q+1 ([dρ]) = {dα}', in other words, the exterior derivative operator d extends in an obvious way to classes of Lepage forms; denoting the exterior derivative of classes by the same symbol d, we can see thatẼ
This proves thatẼ q = d, q ≥ n.
In view of this result, and sinceR q = R q for 0 ≤ q ≤ n − 1, and the Takens representation sequence is exact, it remains to check the exactness in the arrow E n−1 . To this end, let us write the variational sequence and its Lepage representation in form of the following diagram:
Then for every η ∈R n−1 (V r n−1 ) = Λ r n−1,X we obtain
It is worth to write all the three sequences within one scheme as follows:
As we have seen, for n = dim X = 1 (mechanics), Lepage equivalent is unique for every k ≥ 0 (recall that this is the Cartan form of degree n + k). This means that for every k,
i.e., Lep n+k (Iρ) is an element of the sheaf Λ * n+k (rather than a family of elements of the sheaf), and d is the "true" exterior derivative of differential forms. Hence "morally" (up to orders of the sheaves) the Lepage representation sequence becomes a subsequence of the de Rham sequence.
Finally we want to stress that in view of the two corollaries of Theorem 3.15 the contact homotopy operator A restricts to canonical source forms. This means that one can obtain primitives (inverse images) not only of closed Lepage forms in the Lepage representation, but also of canonical source forms in the Takens representation. For a primitive of a variational dynamical form ε (i.e., a Lagrangian) one has λ = Aε which in coordinates is the celebrated Tonti Lagrangian [94, 95 ]. An analogous formula holds then, indeed, also for forms of higher degrees: if σ = E n+k (η) then Aσ = η. Example 3.20. Let us write down explicit examples of Cartan forms of higher degrees in mechanics (n = 1). Denote local fibred coordinates on Y by (t, q σ ) and the associated coordinates on J 3 Y by (t, q σ ,q σ ,q σ , ... q σ ), and let
By Theorem 3.11, formula (3.10) we have:
• For ρ of degree n = 1 and such that hρ = λ = Ldt is of order r = 1: R(dλ) = − ∂L ∂q σ ω σ , hence we obtain
which is the classical Cartan 1-form.
• For ρ of degree n + 1 = 2 such that p 1 ρ is a second-order dynamical form, i.e., p 1 ρ = ε = E σ ω σ ∧ dt, the Cartan 2-form is θ ε = ε − R(dε). To compute R(dε) we need the following formula for the residual operator applied to a second-order 2-contact 3-form: denote
(summation over j = 0, 1, 2). Taking α = dε we obtain
For a locally variational form ε this is the Lepage equivalent of ε, introduced in [64] (see also [65] ).
• For ρ of degree n + 2 = 3 such that p 2 ρ is a Helmholtz-like form denote
The formula for the residual operator applied to a general second-order 3-contact 4-form
where {A 
with the non-zero A's as above (cf. [69] where a corresponding formula for the variationally trivial case was obtained).
The variational order
A key issue of the Krupka variational sequence for the variational calculus, making the main difference between his and other approaches (C-spectral sequences, the variational bicomplex and infinite order variational sequences) is that the variational sequence (2.2) fixes (and thus defines) the order of variational problems in the sense of the following definition:
Definition 3.21. Let η ∈ Λ s q be a source form, or a Lepage form of degree q ≥ 1 defined on (an open subset of) J s Y . We say that η has the variational order r if it comes from the variational sequence of order r (i.e., it is a Takens or Lepage representation of a variational class [ρ] ∈ Λ r q /Θ r q . How to understand this concept? A variational class [ρ] ∈ Λ r q /Θ r q concerns local differential forms of degree q and order r. Takens representation (and thus also Lepage representation) is based on the horizontalization operator h = p 0 and the interior Euler operator I which provide a differential form of generally higher order. For example, if r = 1 we have (for q = n) the Lagrangian λ = R n ([ρ]) = hρ, (for q = n + 1) the dynamical form ε = R n+1 ([ρ]) = I(ρ), (for q = n + 2) the Helmholtz-like form H = R n+2 ([ρ]) = I(ρ), etc., all of order 2. As given by the structure of I, generically, the components of the differential (n + k)-forms (k ≥ 1) arising from Λ r n+k /Θ r n+k are polynomials in the derivatives starting from the order r + 1 up to the order 2r in the linear term. Notice that such a polynomial behaviour is known to be typical for functions known as "variational derivatives". However the point is that the "variational derivatives" are not just general polynomials: the analysis of I shows that the coefficients of these polynomials have a determined structure of derivatives of the components of ρ (which are of order r), with prescribed symmetrization/skew-symmetrization rules in the indices, in other words they have to satisfy certain symmetry and integrability conditions ("order reducibility conditions"). For instance, a dynamical form ε of order 2 (which defines a system of second order differential equations) 2 can be of variational order 1 or 2. In particular, if ε is locally variational (comes locally from a Lagrangian, i.e., its image by the Helmholtz morphism in the Takens representation sequence vanishes) we obtain that if the variational order of ε is 1, we have local Lagrangians arising as λ = hρ from first order ρ; thus λ is of order 2, or of order 1 if hρ is π 2,1 -projectable. If the variational order of ε is nontrivially 2, we have local 3rd order Lagrangians arising as λ = hρ from second order ρ, or second order Lagrangians if hρ is π 3,2 -projectable (which, indeed, cannot be reduced to the first order by extracting a variationally trivial Lagrangian). The same order discussion concerns global Lagrangians if H n dR (Y ) = {0}. Example 3.22. Lagrangians, dynamical forms and Helmholtz-like forms of variational order one:
• Let n = dim X = 1. Any ρ ∈ Λ 1 1 /Θ 1 1 takes the form
We can see that a generic Lagrangian of variational order one in mechanics is of second order, affine in the second derivatives. Then, in particular, reducible second-order Lagrangians (and, of course, first-order Lagrangians) correspond to those classes [ρ] which are generated by π 1,0 -horizontal forms.
where the coefficients C (here theC's are just corresponding multipliers of the C's). Thus, in field theory, a generic Lagrangian of variational order one is of second order, polynomial of degree n in the second derivatives, with coefficients obeying the symmetry-antisymmetry relations described above. In particular, reducible (and first-order) Lagrangians correspond to generating forms ρ that are π 1,0 -horizontal. The most famous Lagrangian of this kind is the scalar curvature, giving rise to the Einstein equations.
• Let again n = dim X = 1. Any ρ ∈ Λ 1 2 /Θ 1 2 takes the form
where C σν = −C νσ . In Takens representation we get the dynamical form I(ρ) = ε = E σ ω σ ∧ dt, where
Thus a generic dynamical form of variational order one in mechanics is of order three, affine in the third derivatives, and polynomial of degree two in the second derivatives (with a special form of coefficients as above). Second-order dynamical forms of variational order one correspond to generating forms ρ such that C σν = 0, meaning that the corresponding variational class is represented by a ω σ -generated form ρ and the differential equations are affine in second derivatives:
In particular, if variational ([dρ] = 0, i.e., [ρ] = [dλ]), they come from second-order Lagrangians of the form
that, indeed, are reducible (equivalent with first-order Lagrangians).
Finally, all first-order dynamical forms are of variational order one and they arise from the
• Any ρ ∈ Λ 1 3 /Θ 1 3 takes the form
σρν , and the C's are totally antisymmetric. Then the corresponding Helmholtz-like form becomes
where, as expected, the components have a polynomial structure in second and higher derivatives:
The requirement that the class [ρ] is ω σ -generated gives A 3 σν = 0 and C σνρ = 0, and simplifies the Helmholtz-like forms to H 3 σν = 0, and
If, moreover, η is a Helmholtz form (i.e., [dρ] = 0), related with a ω σ -generated class then it corresponds to a second-order dynamical form ε = E σ ω σ ∧ dt, where E σ = A σ + B σνq ν , and B σν = B νσ .
The above discussion illustrates that the range of applications of the variational sequence is wider than that of corresponding infinite order constructions or even of some other known finite order constructions. Remarkably, it gives solution of the Inverse order problem (order reduction problem): If a differential q-form η of order s is (locally/globally) trivial, or (locally/globally) variational (its image under the corresponding morphism E q vanishes) what is the 'minimal order' of the (local/global) preimage (q − 1)-form µ such that η = E q−1 (µ)?
Note that this question is answered by the variational sequence, but is not answered, e.g., by the variational bicomplex, or even by Takens representation(!), since η is an element of a sheaf of differential forms of order s which contains forms of different variational orders.
Example 3.23. Consider a dynamical form ε (nontrivially) of order three over a fibred manifold with n = dim X = 1. ε belongs to Λ 3 2 and represents a system of 3rd order ordinary differential equations. Takens sequence gives us that if locally variational, ε comes from a local Lagrangian of order 3. However, from the variational sequence we can get information about the variational order of ε, and hence a finer result about the order of the local Lagrangians. Namely, the following cases may arise:
• The variational order of ε is (nontrivially) three. This means that in the variational sequence ε is represented by a class [ρ] ∈ Λ 3 2 /Θ 3 2 . If ε is locally variational, any minimal order Lagrangian is of order three (not further reducible).
• The variational order of ε is two. This means that in the variational sequence ε is represented by a class [ρ] ∈ Λ 2 2 /Θ 2 2 . If locally variational, it has a (local) second-order Lagrangian.
• The variational order of ε is one. This means that in the variational sequence ε is represented by a class [ρ] ∈ Λ 1 2 /Θ 1 2 . As follows from the previous example, if ε is locally variational then the Tonti Lagrangian (which is of order three) is locally reducible to a second-order Lagrangian affine in the second derivatives.
Lie derivative in the variational sequence
One of the most important features of the geometric formulation of the calculus of variations in jet bundles is the fact that variations can be described by Lie derivatives of differential forms with respect to prolongations of projectable vector fields. A famous example is the first variation formula which takes the integral form [46] (cf. [32] )
where ρ is a Lepage equivalent of λ, Ξ is a projectable vector field on Y ("variation vector field"), and Ω ⊂ X is a compact connected n-dimensional submanifold with boundary. It is, however, even more interesting (and fundamental) that with use of the differential calculus in jet bundles, this formula can be (as mentioned in Section 3.3), invariantly expressed in the "infinitesimal form" as a formula for differential forms on the manifold
and (with the account of λ = hρ) it yields a remarkable property of the Lie derivative in the calculus of variations:
Moreover, as discovered in [62] , the Lie derivative commutes with the Euler-Lagrange operator, as the Lie derivative of the Euler-Lagrange form of λ is the Euler-Lagrange form of the transformed Lagrangian:
Such properties of the Lie derivative provide an elegant intrinsic formulation (and an easy proof) of Noether theorem, Noether-Bessel-Hagen theorem [5, 77] , conservation laws, and relationship between symmetries of a Lagrangian and its Euler-Lagrange form (for any order and any number of independent variables) [48, 55] . Having in mind the variational sequence and its representations, there arises a question about generalization of these properties to variational forms of any degree.
First we recall results obtained in [56, 57, 58] . Let C r denote the contact ideal of order r. Contact symmetries were characterized in [56] . It is worth notice that for any projectable vector field Ξ on Y the r-jet prolongation Z = J r Ξ is a contact symmetry, and conversely, if a contact symmetry Z on J r Y is projectable onto X then Z = J r Ξ for some Ξ on Y .
Let k ≥ 0. As an immediate consequence of the definition it follows that the Lie derivative of a k-contact form by a contact symmetry is an at least k-contact form. This means, however, that the Lie derivatives by contact symmetries preserve the sheaves Θ r q .
Proposition 4.2. Let Z be a contact symmetry defined on J r Y . Then for all q ≥ 1, L Z Θ r q ⊂ Θ r q .
Equivalently we can claim that for any two forms ρ 1 , ρ 2 belonging to the same class [ρ] in the variational sequence, the Lie derivatives L Z ρ 1 , L Z ρ 2 by any contact symmetry Z are also equivalent. Thus, following [57] we can define the Lie derivative L Z of a class
Now one can easily prove that the property (4.3) extends for any contact symmetry, and through the whole variational sequence, for any morphism E k : Λ r k /Θ r k → Λ r k+1 /Θ r k+1 [57] (see also [58] ): 
(4.5)
Proof . Since the Lie derivative commutes with the exterior derivative, we have for any
Writing this formula in terms of the morphism E k we get (4.5).
From now on, we shall restrict to π s -projectable contact symmetries (recall that then we have Z = J s Ξ for a projectable vector field Ξ on Y ). From the definition it is clear that the Lie derivative then preserves even individual contact components. Namely, if Z is a projectable contact symmetry on J r+1 Y then Z = J r+1 Ξ and
generalizing (4.2) to variational forms of any degree. Note that we may write
Let us turn back to formula (4.4). It means that the Lie derivative of classes of forms, i.e., variational Lie derivative, can be correctly defined as the equivalence class of the standard Lie derivative of forms, and thus represented by forms. Such a point of view opens a possibility to express the infinitesimal first variation formula (4.1) in terms of the variational morphisms, and, in this way, to obtain a generalization of the first variation formula for any degree of forms (with higher degree analogs of Noether theorems, indeed).
Some results in this direction have been already achieved, namely explicit formulae for the quotient Lie derivative operators were provided, as well as corresponding versions of Noether theorems interpreted in terms of conserved currents for Lagrangians and Euler-Lagrange morphisms. However, only classes of forms up to degree n + 2, were considered (the latter assumed to be exact) [26] . The representation made use of intrinsic decomposition formulae for vertical morphisms due to Kolář [42] , which express geometrically the integration by part procedure, however, in a different way compared to that based on the splitting of the Cartan form [32, 46] . The decomposition formulae introduce local objects such as momenta which could be globalized by means of connections, and besides the usual momentum associated with a Lagrangian, a 'generalized' momentum is associated with an Euler-Lagrange type morphism. Its interpretation in the calculus of variations has not yet been exhaustively exploited; as conjectured in [80] , generalized momenta could play a rôle within the multisymplectic framework for field theories.
In the sequel of this section we propose an approach to the problem of representation of the Lie derivative of classes of forms which encompasses previous results and generalizes to any degree of forms. Actually, representation of (non exact) classes of forms of any degree appears relevant, especially in degree n + 3, for the study of nonvariational differential equations arising from Helmholtz-like forms (related with the problem of the existence of closed n + 2 forms) [69, 75] . We shall exploit the relation between the interior Euler operator and the Cartan formula for the Lie derivative of differential forms. The representation of the variational Lie derivative will provide, in a quite simple and immediate way, 'any degree' generalizations of (4.1), together with the generalized Noether theorems, as 'quotient Cartan formulae'.
These results, which have an intrinsic importance from a theoretical point of view, as shown in Section 5, have also various concrete applications; besides the ones presented here, it is worth mentioning that applications of iterated variational Lie derivatives in variational problems on gauge-natural bundles produced physically relevant results concerning existence and globality of conserved quantities and on existence of Higgs fields on spinor bundles (see, e.g., [23, 24, 81, 82, 83, 86] ).
Let Ξ be a projectable vector field on Y . We define the interior product of a prolongation of Ξ with the equivalence class of ρ by the formula
(the equivalence class of the interior product of the vector field with the representation of the equivalence class of ρ). This definition is well posed since the representation R q is unique.
Given
This operator is uniquely defined and is equal, respectively, to the following expressions:
where P denotes the corank of the Cartan distribution on J r Y . This definition enables us to deal with ordinary Lie derivatives of forms on Λ s q , thus we can apply the standard Cartan formula.
We recall a result in [43, Theorem III.11 ], see also [45] .
Lemma 4.4. Let Ξ be a π-vertical vector field on Y and ρ a differential q-form on J r Y . Then the following holds true for i = 1, . . . , q
As above, we denote ω 0 = dx 1 ∧ dx 2 ∧ · · · ∧ dx n . Next, let us denote
It is well known that in order to obtain a representation of classes of degree n + 1 in the variational sequence by dynamical forms the following integration formula is used [49] 
and the corresponding representation is obtained by taking the p 1 component obtained by iterated integrations by parts. In order to integrate by parts (p + k)-forms with p < n, we need to generalize as
This enables us to generalize results given in [45] .
Then we have the decomposition
where R(ρ) is a local k-contact (p + k − 1)-form such that
, containing the wedge of p of the forms dx i ) (p + k − 1)-forms. It is therefore well defined a local splitting of p k ρ, ρ ∈ Λ r p+k , 1 ≤ p ≤ n and k > 1.
Of course, I = I and R = R in the case p = n.
Example 4.6. Let p = n − 1. We can write ω α ∧ ζ I α = χ Il ∧ ω l , where χ Il are some local k-contact k-forms on J 2r Y . Therefore
We denote by R(ρ) = r−1
In the following we shall use such a splitting in order to split the vertical differential of a p-density and define a corresponding 'momentum form'. Theorem 4.7. Let 0 ≤ q ≤ n, Ξ a π-projectable vector field on Y and ρ a differential q-form on J r Y . We have
where a 'generalized momentum' is defined bỹ
Notice, that the latter formula, written as
is obviously the infinitesimal first variation formula (4.1). We observe that p d V hρ are momentum forms, and φ λ,Ξ is the Noether current related with Ξ and λ.
Proof . For all cases by the Cartan formula
This expression can be further characterized in more detail. Let 0 ≤ q ≤ n − 1. Since d V hρ = p 1 dρ = I(dρ) + p 1 dp 1 R(dρ), and since by Lemma 4.4,
we can define a momentum form associated with a density of degree < n by (4.7) and obtain
we define a local momentum form by (4.8) , and obtain
However, φ λ,Ξ is a horizontal form, and in Takens representation, I(dρ) = E n (hρ) and d H φ λ,Ξ = hdφ λ,Ξ = E n−1 (φ λ,Ξ ), proving the theorem.
Proof . For simplicity of notation, in what follows we omit the projections (so we write
By applying Lemma 4.4 to dp k R(ρ) we have
Simple manipulations show that
so that
On the other hand
but, since p k ρ = I(ρ) + p k dp k R(ρ), by substituting we get
Again by the same substitution in
Summing up we finally obtain
, taking into account Theorem 3.15, we finally obtain a 'quotient' Cartan formula for the variational Lie derivative of n + k classes, with k ≥ 1. 
Proof . Since Ξ is assumed to be a π-projectable vector field on Y , up to projections,
holds true and the result follows from the above lemma and theorem (the latter applied for the vertical part of J r Ξ).
5 Some applications
Helmholtz forms in mechanics
As mentioned above, for k ≥ 2, a class [ρ] ∈ V r n+k in the variational sequence can be represented by different source forms. We shall illustrate this feature on the image
n+2 , where ε is a second-order dynamical form, in the case when n = 1 (mechanics).
Let n = dim X = 1; as above, denote local fibred coordinates on Y by (t, q σ ) and the associated coordinates on J 3 Y by (t, q σ ,q σ ,q σ , ... q σ ), and let
is represented by the following canonical source form (called canonical Helmholtz form), obtained by a straightforward calculation:
By construction H ε ∈ Λ 5 3 , however, it is projectable to J 4 Y . From the exactness of the representation sequence we get that the condition E 2 (ε) = H ε = 0 is necessary and sufficient for existence of a local Lagrangian λ such that ε = E 1 (λ) = E λ . Expressed in terms of the components of H ε the condition H ε = 0 gives the celebrated Helmholtz conditions of local variationality for dynamical forms, in the context of the variational sequence called also source constraints.
The canonical Helmholtz form is not the unique source form providing Helmholtz conditions. Another distinguished Helmholtz form is [53] 
H ε is of order 3, and is, indeed, equivalent with H ε . Note that it provides Helmholtz conditions in an equivalent and more simple form. The relationship between the canonical and the "reduced" Helmholtz form is as follows [70] :
It is worth note that in the most frequent case when the components of ε are affine in the second derivatives with symmetric coefficients, i.e.,
the canonical Helmholtz form H ε is projectable to J 3 Y and coincides with the "reduced" formH ε .
Asking about Helmholtz forms of variational order 1, that is, coming from the variational sequence of order 1, we get the following result: The Helmholtz form H ε has variational order 1 if and only if it is projectable onto J 2 Y , and this is if and only if the following conditions are satisfied:
Note that:
• Conditions (5.1) are a part of the Helmholtz conditions, i.e., they are necessary for ε be locally variational.
• Conditions (5.1) are integrability conditions, guaranteeing existence of a function L such that
(the minus sign is chosen just for convenience). L is not generally a Lagrangian for ε (indeed, the form ε need not be variational, H ε need not be equal to 0). However, with help of the Euler-Lagrange form E λ of λ = Ldt we get ε = E λ − F , so that in coordinates equations represented by ε take the form
We can conclude that the requirement that H ε has variational order one means that the corresponding equations are so-called Lagrange equations of the second kind.
• It can be easily shown that the above equations are variational, i.e., H ε = 0 if and only if the force F has the form of a Lorentz-like force (as, e.g., Lorentz force, Coriolis force, etc.).
Inverse problems in the variational sequence
Perhaps the best known problems which are solved with help of variational sequences and bicomplexes are the local and global inverse problem of the calculus of variations, and the problem of local and global triviality of Lagrangians. Let us show how these problems appear and are solved with help of the variational sequence and the representation sequences.
• Variationally trivial Lagrangians, also called null-Lagrangians are Lagrangians which give rise to identically zero Euler-Lagrange expressions (meaning that the Euler-Lagrange form E λ identically vanishes). This problem concerns the classes of degree n − 1, n and n + 1 and the corresponding morphisms E n−1 : V r n−1 → V r n , and E n : V r n → V r n+1 (the Euler-Lagrange mapping). In Lepage representation, the local triviality condition E n ([ρ]) = 0 means that (any) Lepage n-form ρ ∈ [ρ] (Lepage equivalent of λ = hρ) is closed. Hence locally ρ = dη, i.e., λ = hdη = (d H η =)hdhη = d i f i ω 0 , and η, resp. the relevant part hη, is constructed from ρ with help of the Poincaré contact homotopy operator as η = Aρ, resp. hη = f i ω i = Aλ.
• By the inverse problem of the calculus of variations, here one understands the question about local and global variationality of a dynamical form ε. This means the problem to determine constraints on variationality (Helmholtz conditions), and for a locally variational form, to construct a local Lagrangian. This problem concerns the classes of degree n, n + 1 and n + 2 in the variational sequence, and the corresponding morphisms E n : V r n → V r n+1 (the Euler-Lagrange morphism) and E n+1 : V r n+1 → V r n+2 (the Helmholtz morphism). A dynamical form ε is locally variational if and only if its Helmholtz form H ε = E n+1 (ε) vanishes.
Then locally ε = R n [(dη]) = Idη, providing a Lagrangian for ε. In Lepage representation, the local variationality condition E n+1 ([ρ]) = 0 means that (any) Lepage form ρ ∈ [ρ] (Lepage equivalent of ε = Iρ = p 1 dρ) is closed. Hence locally ρ = dη, i.e., ε = p 1 ρ = p 1 dη, and η, respectively, a Lagrangian λ for ε is constructed from ρ with help of the Poincaré contact homotopy operator as η = Aρ, respectively, λ = Aε (Tonti Lagrangian).
In [69, 75] the same questions concerning (n + 2)-forms have been studied for the case of mechanics (dim X = 1). Among others, explicit formulae for constraints on local 'variational triviality' of Helmholtz-like forms, E n+2 (ρ) = 0, generalizing Helmholtz conditions to forms of degree n + 2, as well as Tonti-like formulas for the corresponding (nonvariational) dynamical forms, have been found.
In the same way, the inverse problems, the equivalence problems, and the corresponding order reduction problems in the local and global form extend to each column of the variational sequence, and are solved by the exactness of the sequence. A practical question, however, is to find explicit formulae for source constraints, i.e., constraints on a source form (of any degree) to be variationally trivial (i.e., to belong to the kernel of the corresponding morphism in the variational sequence). The problem in its full generality is solved easily with help of the Lepage representation of the variational sequence, where it is transformed to the Poincaré lemma:
Theorem 5.1 (general inverse variational problem). Let ε be a source form of degree n + k, k ≥ 1. The following conditions are equivalent:
(1) ε is locally variationally trivial, i.e., belongs to Ker E n+k , (2) ε has a closed Lepage equivalent, (3) every Lepage equivalent α of ε satisfies p k+1 dα = 0.
If ε is locally variationally trivial then a corresponding local primitive source (n+k−1)-form η (satisfying E n+k−1 (η) = ε) is η = Aε.
If H n+k dR Y = {0} then ε is globally variationally trivial, with a global primitive of order ≤ 2r + 1, where r is the variational order of ε.
Proof . Let ε ∈ Ker E n+k . This means that ε = I(ρ) where
, and we have {Lep n+k (ε)} =R n+k (ρ) =R n+k (dν) = {Lep n+k (R n+k (dν))} = {0}, proving (2) .
Next, assume d{Lep n+k (ε)} = {0}. This means that every Lepage equivalent α of ε satisfies dα = dµ where µ is at least (k + 2)-contact. Hence p k+1 dα = 0, as desired.
Finally, assume (3). Since α = θ + dν + µ where µ is at least (k + 2)-contact, we can see that
[ρ] ∈ Ker E n+k , and ε = I(ρ) ∈ Ker E n+k .
The remaining assertions follow immediately from the properties of A, I, and the variational sequence.
Condition (3) in Theorem 5.1 can be also expressed by means of the Cartan (n + k)-form θ ε of the source (n + k)-form ε as
It represents necessary and sufficient source constraints (constraints on a source form to be locally variationally trivial) for source forms of any degree q > n, and of any order. For q = n+1 this is exactly an intrinsic form of the celebrated Helmholtz conditions mentioned above.
Bosonic string
A bosonic string is described as a minimal immersion of a 2-dimensional surface in a 4-dimensional pseudo-Riemannian manifold (M, g). Hence the 'motion equation' is the minimal surface equation arising from the area functional (known as Nambu-Goto action [35] ).
The corresponding fibred manifold is π : Y → X where X = R 2 and Y = R 2 × M , so that dim Y = 6. Base coordinates τ 0 and τ 1 represent the time evolution parameter and the position on the string, respectively, fibred coordinates (x µ ), µ = 0, 1, 2, 3, are local coordinates on M . We denote by (τ i , x µ , x µ i ), where i = 0, 1 and µ = 0, 1, 2, 3, associated local coordinates on J 1 Y , and put ω µ = dx µ −x µ i dτ i . If ι : R 2 → Σ ⊂ M is an immersion of R 2 to M , and g = g µν dx µ ⊗dx ν is a (symmetric regular pseudo-Riemannian) metric on M , we have the induced metric on Σ
and the area element
hence the Nambu-Goto action reads (in units with light speed c = 1)
where T is the (constant) string tension. In the fibred setting, we write the action as S =
where Ω is a domain in R 2 , γ = (id R 2 , ι) is a local section of π, and the Lagrangian (now considered as a horizontal form on
(note that the action is reparametrization invariant). Let us denote
The Cartan form of the Lagrangian λ is the 2-form
We introduce momenta To make explicit computations, denote
Contracting θ λ and taking the horizontal part we obtain
This means that to every symmetry Ξ of λ we have on shell a conservation law
Symmetries of our Lagrangian can be explicitly determined from the above Noether equation. Since D does not depend on τ 0 and τ 1 , with help of momenta the Noether equation yields
We can see that the equation does not contain the projection ξ of Ξ (which is a vector field on the base X = R 2 ). This means that every vector field on R 2 is a symmetry of λ, in other words, we recover the fact that the action is reparametrization invariant. Now se can take into account only vertical symmetries (which are vector fields on the space-time (M, g)). If, moreover, (M, g) is the Minkowski space-time, i.e., R 4 with the metric diag g = (1, −1, −1, −1), then D does not depend on the x µ 's, and we immediately obtain that the Poincaré group is a symmetry group of λ. The symmetries and the corresponding Noether currents are (s = 1, 2, 3, µ = 0, 1, 2, 3)
Variational Lie derivative and cohomology
The variational Lie derivative can be seen as a local differential operator which acts on cohomology classes trivializing them [84] . This fact has important consequences for symmetries and conservation laws associated with local variational problems generating global Euler-Lagrange expressions; see, e.g., [7, 25, 28] .
As an immediate example of that feature, let δ(·) denote a cohomology class defined by a closed class in the variational sequence, and let ε be a dynamical form locally variational: E n+1 (ε) = 0 (i.e., locally, on an open set U ι , ε ≡ E λι = E n (λ ι )). In the case q = n + 1, Theorem 4.10 implies that for every projectable vector field Ξ on Y ,
we see that Euler-Lagrange equations of the local problem defined by L J r Ξ λ ι are the same as the Euler-Lagrange equations of the global problem defined by λ = J s Ξ V E λι . Summarizing, a problem defined by a family of local Lagrangians L J r Ξ λ ι is variationally equivalent to a global one [84, 89] .
Analogous results can be obtained at any higher degree in the variational sequence. Another case of particular importance, the degree n + 2, will be discussed below.
Symmetries of Helmholtz forms and variational dynamical forms
Invariance properties of classes in the variational sequence suggested to Krupka et al. [56, 57, 58] the idea that there should be a close relationship between the notions of local variational triviality of a differential form and invariance of its exterior derivative. Namely, 'translating' Theorem 4. This result has an interesting application: namely, to a system of equations which is not variational as it stands, and even does not possess any variational multiplier one can find a variational system related by a contact transformation Examples showing this interesting feature are elaborated in the papers [57, 58] .
Furthermore, one can obtain interesting results in study of global properties of variational problems. Let us consider a variationally trivial Helmholtz-like form η, i.e., let E n+2 (η) = 0, and denote the corresponding local system of dynamical forms by ε ι , i.e., let η = E n+1 (ε ι ). If a projectable vector field Ξ on Y is a symmetry of η then, by the above, each of the local dynamical formsε ι = L J s Ξ ε ι is locally variational (meaning that locally it is the Euler-Lagrange form of a Lagrangian). In fact, applying Theorem 4.10, case k = 2, using the Takens representation with η = R n+2 ([ρ]), and formula (4.6), we obtain with the global dynamical form ε = I(J s Ξ V η). Moreover, ε is locally variational, and therefore locally it is the Euler-Lagrange form of a local Lagrangian [85] . We conclude that the variational problem defined by a system of local Euler-Lagrange formsε ι is variationally equivalent to the global variational problem defined by the EulerLagrange form ε. Remarkably, in mechanics this 'globalization procedure' means to add to the local equations a variational force, 'sewing the equations together' on overlaps of their domains.
Generalized symmetries generating Noether currents
Representing the variational sequence by differential forms is of fundamental importance for understanding the geometry of Noether theorems.
Let ε = E λι be a locally variational form on J s Y , and let a projectable vector field Ξ on Y be a generalized symmetry, meaning that L J s Ξ ε = 0. Recall that by the properties of the Lie derivative this means that
, hence E n (J s Ξ V ε) = 0 , and from here we have locally J s Ξ V ε = d H ν ι , where ν ι are local currents which are conserved on-shell (i.e., along critical sections). Denoting by ι the usual canonical Noether current defined by Proposition 4.7, case q = n, i.e., ι = J s Ξ V p d V λι +J s Ξ H λ ι , and putting β ι = ν ι + ι , we can write J s Ξ V ε+d H ( ι −β ι ) = 0. We call the (local) current ι − β ι a Noether-Bessel-Hagen current. Thus Noether-BesselHagen currents ι − β ι are local currents associated with a generalized symmetry (conserved along critical sections); in [28] it was proved that a Noether-Bessel-Hagen current is variationally equivalent to a global current if and only if 0
It is of interest to investigate under which conditions a Noether-Bessel-Hagen current is variationally equivalent to a Noether conserved current for a suitable Lagrangian. A NoetherBessel-Hagen current λι − β ι associated with a generalized symmetry of ε = E λι is a Noether conserved current if it is of the form λι −L J s Ξ µ ι , with µ ι a current satisfying L J s Ξ (λ ι −d H µ ι ) = 0 (i.e., Ξ is a symmetry of the Lagrangianλ ι = λ ι − d H µ ι for ε) [87] . The reader can check that taking for an invariant Lagrangian instead of the canonical current J s Ξ θ a current, related to a Lepage equivalent different than the Cartan form θ, we get a current which provides the same conservation law, see [68] . We have the on shell conservation laws d H ( λι − β ι ) = 0. It can be proved that λι − L J s Ξ µ ι = λι−d H µι is not only closed but also exact on shell (for a detailed discussion see, e.g., [11] ). In the following we shall give an example of application concerning symmetries of Jacobi type equations for a Chern-Simons 3D gauge theory. Let ν ι + ι be a 0-cocycle of strong Noether currents for the Chern-Simons Lagrangian (here ι refers to an open set U ι in a good covering and in the following we shall use the identification λ CS (A) = λ CS (ι) and use them indifferently); it is known [27] that if j s Ξ is a symmetry of the Chern-Simons dynamical form, the global conserved current
is associated with the invariance of the Chern-Simons equations and it is variationally equivalent to the variation of the strong Noether currents ν ι + ι . Generators of such a global current lie in the kernel of the second variational derivative and are symmetries of the variationally trivial Lagrangian L j s Ξ V λ CS (ι). Let now require j s Ξ to be a symmetry of the Euler-Lagrange class of the 'deformed' Lagrangian L j s Ξ λ CS (ι), but not of the Chern-Simons class E n (λ CS (ι)) (this means that j s Ξ is not a gauge-natural lift). Note that in this case L j s Ξ λ CS (ι) needs not to be a local divergence, in general. By naturality and by Theorem 4.10 this means that we require
i.e., j s Ξ is a symmetry of a Jacobi type dynamical form (or Euler-Lagrange class of the deformed Lagrangian). Let now j s Ξ V be the generator of a gauge transformation. Since we know that L j s Ξ V λ CS (ι) = d H γ, it is clear that such a j s Ξ is a Noether symmetry of the Lagrangian
this comes from equation (5.2) and from
By applying the above results concerning Noether-Bessel-Hagen currents to the 'deformed' Lagrangian we can then state that along sections pulling back to zero the Jacobi type dynamical form (note that solutions of Chern-Simons equations are among such sections) we have that
i.e., the corresponding Noether-Bessel-Hagen current must be exact on shell which implies a constraint for the connection 1-form A.
Sharp obstruction to the existence of global solutions in 3D Chern-Simons theories
We now explore the relationship between the existence of global critical sections and the existence of global Noether-Bessel-Hagen currents. We denote by [[·] ] dR a class in de Rham cohomology. As already recalled, the Noether-Bessel-Hagen current is variationally equivalent to a global current if and only if 0 = δ n−1 (Ξ V ε) ∼ [[Ξ V ε]] dR ∈ H n dR (Y ). In the following we shall need to see certain cohomology classes in H n dR (Y ) as the pull-back of cohomology classes in H n dR (X), i.e., defined by closed differential forms on the base manifold. Let us then assume σ be a global section of π : Y → X; for any global section we have of course σ * • π * = id H n dR (X) . Let furthermore H n dR (Y ) ∼ π * (H n dR (X)), i.e., the pull-back π * : H n dR (X) → H n dR (Y ) is an isomorphism of cohomology groups. We need to compare the cohomology of the base manifold with the cohomology of the total space, and while H n dR (Y ) H n V S (Y ), in principle we do not have a similar isomorphism for the cohomology groups H n dR (X). This is overcome by the peculiar structure of quotient space in the variational sequence: since for all sections J r σ * (Θ r * ) = 0, we can correctly define
; in other words, since Θ r n consists of contact n-forms the pullback σ * factorizes through Λ r n /Θ r n . Furthermore, there always exists a closed form α ∈ Λ r n , e.g., a Lepage equivalent, which represents the cohomology class [[Ξ V ε]] dR and which projects onto Ξ V ε ∈ Λ r n /Θ r n . Thus, if σ is a critical section, J r σ * (α) = 0 and the corresponding class vanishes in H n dR (X); therefore, by our assumption on the nth cohomology groups [[Ξ V ε]] dR = 0 and there exist global Noether-Bessel-Hagen conserved currents for all generalized symmetries Ξ [28] .
We can use the result above also conversely to define a cohomological obstruction to the existence of global solutions for a given problem. Let then σ be a section of Y over X. Let α be a closed differential form which represents [[Ξ V ε]] dR ∈ H n dR (Y ), the obstruction to the existence of global conserved quantities for conservation laws associated with the problem ε and its symmetry Ξ. Since σ (as well as any other section) defines a projection σ * : H n dR (Y ) → H n dR (X), if the class J r σ * [[α]] dR ∈ H n dR (X) does not vanish, then there are no global solutions. In the case we drop the above condition on the isomorphism of cohomology groups, if the pull-back with a given section of the cohomology class [[Ξ V ε]] dR is not zero, no other homotopic section can be a critical section. Note that, in this case, the obstruction does depend on the section; J r σ * [[α]] dR may vanish for sections from one homotopy class, but not for those from another [28] .
It is also important to note that this obstruction is not identically zero, in general.
As an example, let us consider the classical 3-dimensional Chern-Simons theory. It is a classical field theory for principal connections on an arbitrary principal bundle P over a 3-dimensional manifold M . It is well known that the equations can be written F = 0 (F the curvature); these equations admit solutions if and only if the cohomology class [[tr F A ]] dR ("first Chern class") vanishes for an arbitrary (and, thus, for every) connection A. Thus, we will consider only principal bundles P with group U(1) or C * (taking the trace of the curvature corresponds to "taking the determinant of P ").
To apply our result, we have to formulate Chern-Simons theory in terms of the bundle of connections: the bundle of connections is defined as C := J 1 P /G → P /G ∼ X, the principal connections on P are in one to one correspondence with the (global) sections of the bundle C → X; Chern-Simons theory can then be formulated as a variational theory on J 1 C. In this case is it advantageous to lift the dynamical form of the problem to the de Rham complex: we can find a differential form Σ on J 1 C such that a section σ of C → X is critical if and only if
for all vector fields Ξ on J 1 C. We have that the contact structure of J 1 P defines a connection on the principal bundle J 1 P → C; its curvature is given by F = dA j ∧dx j (structure group U(1) or C * ). This connection is universal in the sense that every principal connection on P → X is "induced" by it via a section σ : X → C, in particular F σ = σ * F.
We can set now Now, if X is a closed manifold, then there is a closed cohomologically nontrivial 1-form α such that α ∧ F σ and, hence, (π * (α)) ∧ F are cohomologically non trivial (Poincaré duality).
Since X is parallelizable, we can easily find a vertical vector field Φ such that Φ F = π * (α) and For non compact manifolds this is, of course, no longer true; thus, for non compact 3-manifolds the question, whether the obstruction is sharp, depends on the existence of a suitable compactification, see also [88] .
